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Outline 

•  Quantum statistics of many-particle systems 

•  Equation of state of warm nuclear matter (subsaturation density) 

•  Symmetry energy 

•  Conclusions 



Dense plasmas and Mott effect 

•  Mott: Metal-insulator phase transition (MIT).  
     Above a critical density, bound charge carriers become itinerant 
•  Bound states disappear, electrons are conducting, metallic state 
•  Many-particle theory: Dynamical screening, dynamical self-energy; 

quantum statistical approach: in-medium atomic wave equation 
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•  Conductivity in Coulomb systems (charged particle systems): 
     doped semiconductors, mercury vapor, hydrogen plasma,… 
•  At increasing density: Screening of the Coulomb interaction,  
     Debye potential in a simple approximation 

W. Kraeft, D. Kremp, W. Ebeling, G. Roepke (1986): Quantum statistics of charged particle systems.  

 



Bound states in dense (fermion) 
systems 

Many-particle system     Coulomb plasma           
constituents                    electrons, ions               
Bound states                  H                                    
(atoms,molecules)          H-, H2

+                            
                                       H2                                                  
Increasing density: 
Condensed phase          metal (conducting)        
Equation of state, 
Phase transition              plasma phase trans.     
 
Microscopic process       screening                      
 
Bound states disappear at high densities.  
 



Bound states in dense (fermion) 
systems 

Many-particle system     Coulomb plasma          nuclear system 
constituents                    electrons, ions              neutrons, protons 
Bound states                  H                                   d 
(atoms,molecules)          H-, H2

+                           t, 3He (h) 

                                       H2                                                 
4He (α) 

Increasing density: 
Condensed phase          metal (conducting)       nuclear matter 
Equation of state, 
Phase transition              plasma phase trans.    liquid-gas phase trans. 
 
Microscopic process       screening                     Pauli blocking 
 
Bound states disappear at high densities.  
Work out the QS theory for nuclear systems, medium modifications 
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PART I CLE CLUSTER I NG AND MOTT TRANS I T I ONS
I N NUCLEAR MATTER AT F I N I TE TEMPERATURE

( I ) . Me t hod and gene r a l aspec t s
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Rece i ved l g May 1981
(Rev i sed 17 Sep t embe r 1981)

Abs t r ac t : The t he rmodynam i c s t a t e o f nuc l ea r ma t t e r as r ega rds dependence on dens i t y and t empe r a t ur e
i s cons i de r ed . Expr ess i ons f or t he assoc i a t i on degr ee a r e de r i ved desc r i b i ng t he r a t i o o f nuc l ea r
ma t t e r wh i ch i s c l us t e r ed t o bound s t a t es . The prob l em o f t wo nuc l eons i mbedded i n t he
sur round i ng nuc l ea r ma t t e r i s cons i de r ed w i t h t he he l p o f t he Be t he~ro l ds t one equa t i on f or
t he rmodynam i c Gr een f unc t i ons . The t wo - pa r t i c l e ene rgy sh i f t due t o t he e f f ec t i ve nuc l ea r ma t t e r
ham i l t on i an i s cons i de r ed i n a Hamee - For k approx i ma t i on , and a Mo t t dens i t y i s ob t a i ned so
t ha t f or dens i t i es o f nuc l ea r ma t t e r h i ghe r t han t he Mo t t dens i t y bound s t a t es canno t ex i s t . W i t h
a s i mp l i f i ed e f f ec t i ve t wo - nuc l eon i n t e r ac t i on t he assoc i a t i on degr ee i s ca l cu l a t ed as a f unc t i on o f
t he nuc l eon dens i t y and t he t empe r a t ur e .

1 . I n t roduc t i on

The desc r i p t i on o f nuc l ea r ma t t e r w i t h i n t he scope o f s t a t i s t i ca l t he rmodynam i cs
i s o f i nc r eas i ng i n t e r es t because o f new expe r i men t a l i nves t i ga t i ons i n r e l a t i v i s t i c

heavy i on co l l i s i ons . The expe r i men t s pe rm i t us t o s t udy t he behav i our o f nuc l ea r
ma t t e r a t t empe r a t ur es and dens i t i es f a r f rom norma l nuc l e i . The compos i t e pa r t i c l es
as deu t e rons , t r i t ons and he l i um nuc l e i wh i ch have been measur ed i n i nc l us i ve
spec t r a may g i ve us i n f orma t i on abou t t he nuc l ea r ma t t e r unde r ex t r eme cond i t i ons .
Some o f t hese new f ea t ur es have been desc r i bed by Mek j i an w i t h i n a t he rmody -
nam i c mode l t ) .

The a i m o f t he pr esen t a r t i c l e i s t o i nves t i ga t e t he t he rmodynam i c prope r t i es o f
a homogeneous sys t em o f nuc l eons a t g i ven dens i t y pa i n , and t empe r a t ur e T i n

* Pe rmanen t addr ess : Cen t r a l I ns t i t u t e f or Nuc l ea r Resea r ch , RossendorP , GDR.
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Quantum statistics of hot nuclear systems 

Thermodynamic (Matsubara) Green’s function approach, Beth-Uhlenbeck Eq.  
The denotation Mott effect was invented in analogy to plasma physics.  But: 
The microscopic process is Pauli blocking instead of Coulomb screening.                     

(II): G. R., M. Schmidt, L. Muenchow, H. Schulz, 
 NPA 399 (1983), 587. 



Some consequences 
•  Clustering (correlations dominate) at low densities: 
    Nuclear statistical equilibrium (NSE), chemical picture 
    Virial expansion, Beth-Uhlenbeck formula 
•  Higher densities: medium effects 
    Mean-field approximation: Skyrme, RMF 
•  Bound states as quasiparticles, quasiparticle shift 
•  In-medium Schroedinger equation, self-energy and Pauli 

blocking, Bound states disappear (Mott effect), 
generalized Beth-Uhlenbeck formula, composition,       
in-medium cross sections 

    Physical picture: correlations and spectral functions 
•  Phase transition, quantum condensates, quartetting. 



Effective wave equation  
for the deuteron in matter 
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Fermi distribution function 

Pauli-blocking 

BEC-BCS crossover: 
Alm et al.,1993 

Add self-energy 

Thouless criterion 

€ 

Ed (T,µ) = 2µ

In-medium two-particle wave equation in mean-field approximation 



Pauli blocking – phase space occupation 

momentum space 

Fermi sphere 
px 

py 

pz cluster wave function (deuteron, alpha,…)  
in momentum space 

P P - center of mass momentum 

The Fermi sphere is forbidden, 
deformation of the cluster wave function 
in dependence on the c.o.m. momentum P 

The deformation is maximal at P = 0. 
It leads to the weakening of the interaction 
(disintegration of the bound state). 



Shift of the deuteron bound state energy 

G.R., NP A 867, 66 (2011)  

Dependence on nucleon density, various temperatures, 
zero center of mass momentum  

thin lines: 

fit formula  



Few-particle Schrödinger equation 
in a dense medium 

4-particle Schrödinger equation with medium effects 

€ 

E HF (p1) + E HF (p2) + E HF (p3) + E HF (p4 )[ ]( )Ψn,P (p1, p2, p3, p4 )

+ (1− f p1 − f p2 )V
p1$ ,p2$

∑ (p1, p2;p1$, p2$)Ψn,P (p1$, p2$, p3, p4 )

+ permutations{ }
= En,PΨn,P (p1, p2, p3, p4 )



Shift of Binding Energies of Light Clusters 

G.R., PRC 79, 014002 (2009) 
S. Typel et al.,  
PRC 81, 015803 (2010)           

G.R., NP A 867, 66 (2011)  
 

Symmetric matter 



Composition of dense nuclear matter 

mass number A 
charge ZA 
energy EA,ν,K 
ν: internal quantum number 

•  Inclusion of excited states and continuum correlations 

•  Medium effects: 
  self-energy and Pauli blocking shifts of binding energies, 
  Coulomb corrections due to screening (Wigner-Seitz,Debye) 
 
•  Bose-Einstein condensation 



Symmetric nuclear matter: Phase diagram 
Old figure, 
 see also Phil Siemens 

Mott line:  
Smooth transition 
no sharp changes,  
bound states are  
merging the continuum,  
(resonances)  
Levinson theorem 
But thermodynamic instability  
may be induced   



Nuclear statistical equilibrium 
(NSE) 

Chemical picture: 
Ideal mixture of reacting components 
Mass action law 

Interaction between the components 
internal structure: Pauli principle 



Nuclear statistical equilibrium 
(NSE) 

Chemical picture: 
Ideal mixture of reacting components 
Mass action law 

Physical picture: 
"elementary" constituents 
and their interaction 

Interaction between the components 
internal structure: Pauli principle Quantum statistical (QS) approach, 

quasiparticle concept, virial expansion 



First summary 
•  The low density limit is well described within a chemical picture 

(composition, mass action law/NSE, chemical constants). 

•  With increasing density, medium effects are important. Near saturation, a 
mean-field description is possible. 

•  A quantum statistical approach joins both limits. Go beyond single-particle 
to treat correlations/bound states. 

•  Bound states (quasiparticles) die out due to medium effects (self-energy, 
Pauli blocking), Mott effect.  

•  A consistent description can be given calculating the spectral function for 
few-nucleon states (physical picture). 

•  Consequences: limits of the single-particle (mean-field) approaches         
– no real quantum correlations (bound states);                                      
limits of the NSE – no medium corrections (n<10-4 fm-3). 

•  Reconsider results obtained with ideal mixtures (Albergo, isoscaling,…) 



Experimental verification 
Heavy Ion Collisions  
•  Test of the nuclear matter equation of state:               

in-medium corrections are necessary 
•  Symmetry energy of nuclear matter: clustering effects 

at low densities must be taken into account 

Nimrod @ TAMU, 
40Ar + 112,124Sn, 
64Zn + 112,124Sn;    47 A MeV 

Open questions: freeze-out model or dynamical transport models? 
Identification of the source? 
In any case, a consistent quantum statistical description is necessary.  

Yields of p, (n), d, t, 3He, 4He,… 



EOS at low densities from HIC 

chemical constants 
Yields of clusters from HIC: p, n, d, t, h, α  



Densitometers 
•  Albergo (NSE) cannot be used. 
•  Modified Albergo: use only the bound state yields, not the free nucleon yields     

[S. Kowalski et al., PRC 75, 014601 (2007)] 
•  Fluctuations – see talks yesterday 
•  Joe Natowitz: chemical constants Kc(A,Z) 
     Volume is needed. Mekjian coalescence model.  
     Good agreement with QS calculations 

Low-density limit: NSE 
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Density determinations in heavy ion collisions
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The experimental determination of freeze-out temperatures and densities from the yields of light elements
emitted in heavy ion collisions is discussed. Results from different experimental approaches are compared with
those of model calculations carried out with and without the inclusion of medium effects, which become of
relevance for baryon densities above ≈5 × 10−4 fm−3. A quantum statistical (QS) model incorporating medium
effects is in good agreement with the experimentally derived results at higher densities. A densitometer based on
medium modified chemical equilibrium constants is proposed.

DOI: 10.1103/PhysRevC.88.024609 PACS number(s): 24.10.Pa, 24.60.−k, 25.75.−q

I. INTRODUCTION

Heavy ion collisions (HICs) serve as tools to investigate
the properties of excited nuclear matter. Measured yields of
different ejectiles as well as their energy spectra and their
correlations in momentum space can be used to infer the
properties of the emitting source. Despite the fact that a great
deal of experimental data has been accumulated from HIC
during the past few decades, reconstruction of the properties
of the hot expanding nuclear system remains a difficult task.
Two major problems are (i) the complications inherent in
incorporating nonequilibrium effects and (ii) the treatment
of strong correlations that are already present in equilibrated
nuclear matter.

In the present work we focus on the latter item, the treatment
of strong correlations that are responsible for the formation
of clusters in dense matter. For future progress, the consistent
description of correlations in equilibrium will be a prerequisite
to work out a nonequilibrium approach to HICs.

An often-employed simple approach to handling these
effects is the freeze-out approximation. Starting from hot dense
matter produced in HICs, this approach assumes the attainment
of local thermodynamic equilibrium after a short relaxation
time. Chemical equilibrium may also be established in the
expanding fireball as long as the reaction rates in the expanding
hot and dense nuclear system are above a critical value.

While more microscopic approaches employing transport
models that describe the dynamical evolution of the many-
particle system are being pursued, a freeze-out approach
provides a very efficient means to get a general overview of
the reaction. Such approaches have been applied in heavy ion
reactions to analyze the equation of state of nuclear matter;
see Ref. [1]. Similar concepts are also used in high-energy
experiments (Relativistic Heavy Ion Collider, Large Hadron
Collider) to describe the abundances of emitted elementary
particles; see Refs. [2–4] and further references given therein.
For a critical consideration of deriving unbiased freeze-out

*gerd.roepke@uni-rostock.de

parameters from particle yield ratios, see Ref. [5]. In warm
nuclear matter, much information on the symmetry energy, on
phase instability, etc., has been obtained using the freeze-out
concept; examples are given in the following section.

Within the freeze-out approximation to expanding excited
nuclear matter, the abundances of emitted particles and clusters
at freeze-out are determined by the temperature T , the baryon
density nB , and the isospin asymmetry δ = (nn − np)/nB ,
which is related to the total proton fraction Ye = (1 − δ)/2.
In this work we discuss the extraction of densities and
temperatures from the measured yields of ejectiles in HIC.
We focus on the information content of neutrons (n), protons
(p), deuterons (d), tritons (t), 3He (h), and 4He (α) particles,
emitted in near-Fermi-energy reactions. To extract the relevant
information we optimize the freeze-out approach by including
correlations and density effects using systematic, consistent
quantum statistical approaches.

We are considering only the yields Yi of these particles; the
energy spectra are established by long-range interactions and
are not discussed here. It is possible to extend the approach
also to other situations where not only particles with A ! 4 are
of relevance. Whereas the asymmetry is easily obtained from
the proton and neutron numbers of all emitted fragments, for
the determination of the temperature many efforts have been
made. In particular, double ratios have been considered. We
do not discuss these results here. In contrast, the determination
of the density from the measured yields is a serious problem
that has not been solved in a satisfactory manner until now.
We give the reason and propose a solution to this problem.

II. EXPERIMENTS AND DATA ANALYSIS

A. Nuclear statistical equilibrium (NSE)

The NIMROD Collaboration has recently measured yields
of light particles in three different experiments performed
at energies near the Fermi energy. Collisions of 64Zn pro-
jectiles with 92Mo and 197Au target nuclei [6] and the
collisions 70Zn + 70Zn, 64Zn + 64Zn, and 64Ni + 64Ni
were studied at E/A = 35 MeV/nucleon [7]. Collisions of
40Ar + 112Sn, 124Sn and 64Zn + 112Sn, 124Sn [8] were studied

024609-10556-2813/2013/88(2)/024609(6) ©2013 American Physical Society



Pauli blocking in symmetric matter 
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Free proton fraction as function of density and temperature in symmetric matter. 
QS calculations (solid lines) are compared with the NSE results (dotted lines). 
Mott effect in the region nsaturation/5.  



Mott points from cluster yields 



Density determination from light 
cluster yields 

0.001 0.01
nB [fm3]

1

10

100

1000

Y
a/Y

p4  *
 Y

h2 /Y
t2 * 

(Y
p+Y

n+2
 Y

d+3
 Y

t+3
 Y

h+4
 Y

a)3

Data [4]
T = 4 MeV
T = 5 MeV
T = 6 MeV
T = 7 MeV
T = 8 MeV
T = 9 MeV
T =10 MeV
T =11 MeV

Cluster yield ratios to infer the freeze-out density: 
Experimental data (stars) for T = 5; 6; 7; 8; 9; 10; 11 MeV (increasing density)  
in comparison with the NSE values (thin dotted lines)  
and QS calculations (bold straight lines). 



Determination of thermodynamic parameters  
   from light cluster yields in HIC 
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Analysis of different measured light cluster yields ([3] – Kowalski et al., [5] – Natowitz et al.,  
[8] – Yennello et al.) to infer the freeze-out density and temperature values.  
In-medium quantum statistical (QS) agrees with coalescence and fluctuation analysis,  
NSE gives too low densities. 



Symmetry energy 
Heavy-ion collisions, spectra of emitted clusters, 
temperature (3 - 10 MeV), free energy 

S. Kowalski et al., 
PRC 75, 014601  
(2007) 



Symmetry energy,  
comparison experiment with theories 

J.Natowitz et al., PRL 2010 



Symmetry Energy 

Scaled internal symmetry energy as a function of the scaled total density. 
MDI: Chen et al., QS: quantum statistical, Exp: experiment at TAMU   

J.Natowitz et al. PRL, May 2010 



S. Typel, NN2012 T. Fischer, Wroclaw 2012 

Symmetry energy, low density limit 

Contribution of correlations/cluster 



Internal symmetry energy 
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Internal symmetry energy 
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Future perspectives 

•  Astrophysics:                                       
heavy elements, pasta phases,… 

•  Nuclear structure:                      
correlations (alpha-like clustering) in low 
density regions (Hoyle state, surfaces,…) 

•  Nonequilibrium processes:            
formation of correlations/ bound states in 
expanding dense matter 



Core-collapse supernovae 

Density.  
 
electron fraction, and 
 
temperature profile 
 
of a 15 solar mass supernova 
at 150 ms after core bounce 
as function of the radius. 
 
Influence of cluster formation  
on neutrino emission  
in the cooling region and 
on neutrino absorption 
in the heating region ? 
K.Sumiyoshi et al., 
Astrophys.J. 629, 922 (2005) 



Composition of supernova core 

Mass fraction X of light clusters for a post-bounce supernova core 

K.Sumiyoshi, 
G. R., 
PRC 77, 
055804 (2008) 



Clusters in nuclei 
•  Low-density isomers (8Be, 12C, 16O, …) 
 
•  Condensate wave function 

•   Suppression of the condensate with increasing density 
•   Dissolution of clusters with increasing density 

Alpha gas-like states:  
near threshold low density excited states 
(Hoyle state, 16O, 20Ne,…) 

Bo Zhou, Y. Funaki, H. Horiuchi, Zhongzhou Ren, G. Ropke, P. Schuck, A. Tohsaki, 
Chang Xu, and T. Yamada, arXiv:1304.1244 accepted PRL 

 



Excited light nuclei 

decreasing 
density 
 
deuterons? 
systematics 
in  
weakly bound  
light  
elements 

light  
clusters  
in neutron 
matter 

Yoshiko Kanada-En'yo  
Cluster2012,Debrecen  



α cluster in astrophysics 

S. Typel, Proc. Int. Workshop XII Hadron Physics 

Crust of neutron stars 

Protons in droplets 
(heavy nuclei) 
 
α-cluster outside, 
at the surface, 
condensate? 



Chemical freeze-out 

•  Nonequilibrium, expanding source,  
    Zubarev approach, transport model calculations 
 
•  Phase transition, instabilities, spinodal 

decomposition 

•  Correlated matter, QS approach,  
    in-medium effects 



Thermal analysis of particle yields 
from AGS to RHIC energies  

 

P. Braun-Munzinger, K. Redlich, J. Stachel, Particle Production in Heavy Ion Collisions arxuv: 0304013 



Second summary 
Verification from Heavy Ion Collisions  
•  Test of the nuclear matter equation of state:                                     

in-medium corrections are necessary 
•  Symmetry energy of nuclear matter: clustering effects at low 

densities must be taken into account 

Future perspectives 
•  Astrophysics:                                                                                

heavy elements, pasta phases,… 
•  Nuclear structure:                                                                 

correlations (alpha-like clustering) in low density regions           
(Hoyle state, surfaces,…) 

•  Nonequilibrium processes:                                                     
formation of correlations/ bound states in expanding dense matter 
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 J. Natowitz, T. Klaehn, S. Shlomo, P. Schuck,          

       A. Sedrakian, K. Sumiyoshi, A. Tohsaki, S. Typel, H. Wolter, T. Yamada 
for collaboration 
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To Joe 

Thanks for longstanding and intense collaboration.        
Hope to continue. 

I appreciate your interest in many-particle phenomena, 
good intuition in physics, lively discussions and experience, 
your nice personality and friendship. 



QS versus NSE: comparison with data 

Values: 
NSE:        1 
Yanello:    1.1 
Kowalski:  1.23 
Lijun:         1.36 

Discussion: 
Nonequilibrium 
Source 
Medium effects 

Yields of p, (n), d, t, 3He, 4He 

 



Internal symmetry energy 



Shift of the deuteron binding energy 
Dependence on center of mass momentum, 
various densities, T=10 MeV 

 G.R., NP A 867, 66 (2011)  
thin lines: 

fit formula  



α cluster in astrophysics 

S. Typel, Proc. Int. Workshop XII Hadron Physics 

Crust of neutron stars 

Protons in droplets 
(heavy nuclei) 
 
α-cluster outside, 
at the surface, 
condensate? 



Many-particle theory 



Different approximations 



Different approximations 



Light Cluster Abundances 

S. Typel et al., 
PRC 81, 015803 (2010) 



α cluster structure of 8Be  

Contours of constant density, plotted in cylindrical coordinates, for 8Be(0+) .  
The left side is in the laboratory frame while the right side is in the intrinsic frame. 

R.B. Wiringa et al., 
PRC 63, 034605 (01) 



Beyond shell model calculations 

We may view 212Po as an α-particle on top of a finite Fermi gas.  
The lead core 208Pb is doubly magic, one can treat it in mean field (Slater determinant).  

However, as we know, adding more α’s to the Pb core leads to deformed nuclei  
and the treatment of α’s in the surface becomes a much more delicate subject. 

mean field ansatz for the α-particle projected on good total momentum 

Correlated states cannot be described within the shell model alone in a simple way 
Examples:  - Hoyle like states 
                   - preformed α particle in the nuclear surface  
                     of α-decaying heavy nuclei  

In general for the separation of the center-of-mass motion  



Densitometers 
•  Albergo (NSE) cannot be used. 
•  Modified Albergo: use only the bound state yields, not the free nucleon 

yields [S. Kowalski et al., PRC 75, 014601 (2007)] 
•  Natowitz: chemical constants Kc(A,Z) 
     Volume is needed. Mekjian coalescence model.  
     Good agreement with QS calculations 
•  Fluctuations? 
 
•  Only measured quantities Yp, Yd, Yt, Yh, Yα ? 
•  Example: 

Low-density limit: NSE 


